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The downwash beh ind  a wing may be computed from t h e  
sys tem of v o r t i c e s  c r e a t e d  by t h e  wing and  which can be 
s u b s t i t u t e d  f o r  t h e  l a t t e r ,  If' t h e  a c t u a l  ro l l i f i g -up  
p r o c e s s  o f  t h e  f r e e  v o r t e x -  s h e e t  i s  d i s r e g a r d e d  he reby ,  
t h e  e s t a b l i s h m e n t  o f  b o u n d a r i e s  f o r  t h e  downwash f a c t o r s  
i s  c o n t i n g e n t  upon t h e  prcrnise  t h a t  no r o l l i n g  up t a k e s  
p l a c e  o r  e l s e  t h a t  t h e  deve loped  t i p  v o r t i c e s  s t a r t  d i r e c t  
on t h e  e f f e c t i v e  l i n e .  The a c t u a l  downwash f a c t o r s  f o r  
t h e  r e c t a n g u l a r  wing a r e  r a t h e r  o f  t h e  approxima.te magni- 
t u d e  of t h e  v a l u e s  computable w i t h  t h e  deve loped  t i p  vor-  
t i c e s  s t a r t i n g  d i r e c t  on t h e  wing. Eereby we encoun te r  
a r e l a t i o n s h i p  p i t h  t h e  c ,  v a l u e :  t h e  downwash f a c t o r s  
r e f e r r e d  t o  t h e  induced  a n g l e  o f  a t t a c k  become s m a l l e r  as 
ca  i n c r e a s e s .  

The l a t t e r  i s  even more t r u e  f o r  t h e  e l l i p t i c a l  wing. 
On i t  t h e  d.ovnnash f a c t o r s  a l r e a d y  r e a c h  a t  l o w  a n g l e s  o f  
a t t a c k  t h e  amount of t h o s e  g i v e n  t h r o u g h  t h e  n o n r o l l e d  
v o r t e x  s h e e t ,  p r o v i d e d  t h e  d i s t a n c e  downstream f r o m  t h e  
wing does n o t  exceed 1.5 t i a e s  t h e  semispan. 

The su rvey  of the  p o s i t i o n  o f  t h e  t i p - v o r t e x  c o r e s  on 
t h e  e l l i p t i c a l  wing r e v e a l s  that t h e  c o r e s  do n o t  r e a c h  
t k e  t h e o r e t i c a l  v a l u e  s a v e  a t  v e r y  g r e a t  d i s t a n c e .  (The 
p r e s e n t  r e p o r t  t r e a t s  t h e  wing a l o n e ,  i , e . ,  w i t h o u t  con- 
s i d e r a t i o n  o f  body o r  s l i p s t r e a m  e f f e c t  s ,  a l t h o u g h  down- 
mash e x p e r i m e n t s  on "wings  w i t h  f u s e l a g e "  and  " n i n g s  w i t h  
f u s e l a g e  and  r o t a t i n g  p r o p e ~ l e r "  a r e  unde r  way.) 

"Untessuchungen k b e r  d i e  GrEsse d e s  Abmindes h i n t e r  Trag- * 
f l u g e l n  m i t  r ech teck igem und e l l i p t i s e h e m  U m r i s s .  
L u f t f a h r t f o r s c h u n g ,  14arch 28 ,  1935,  ppe 28-37 .  
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I .  XNTRODUCTION 

The d i r e c t i o n  o f  t h e  a i r  s t r e a m  a t  a n y  p o i n t  behind  
t h e  wing can  be computed f r o m  t h e  v o r t e x  sys t em,  f o r  which 
t h e  wing may be r e p l a c e d  and which t h e  l a t t e r  c r e a t e s  - 
"bound" and I t f r ee"  v o r t i c e s .  

For p r e d e t e r m i n e d  spanwise l i f t  o r  c i r c u l a t i o n  d i s t r i -  
b u t i o n  r = f ( x ) ,  t h e  s t r e n g t h  o f  t he  f r e e  v o r t e x  shed- 
d i n g  between x and dx and e x t e n d i n g  t o  i n f i n i t y ,  i s  

dF = CE a x  
ax  

The f i e l d  o f  f l o w  behind  t h e  wing ,  v i s u a l i z e d  t h e r e -  
by a s  e f f e c t i v e  l i n e ,  i s  thus c h a r a c t e r i z e d  by an i n f i n i t e  
number o f  i n d i v i d u a l  t r a i l i n g  v o r t i c e s  w i t h  a common l i n e  
o f  symmetry and  a common bound v o r t e x  a x i s ,  

Every s i n g l e  v o r t e x  o f  t h e  sys tem i s  t h e n  a f f e c t e d  by 
t h e  o t h e r  v o r t i c e s ,  w i t h  t h e  r e s u l t  tha t  t h e  thus-formed 
v o r t e x  s h e e t  i s  not  i n  flow d i r e c t i o n  but r a t h e r  s l i g h t l y  
lowered.  However, t h i s  acnaunt i s  s o  small as t a  be n e g l i -  
g i b l e ,  a s  a r u l e .  

This  lower ing  o f  t h e  v o r t e x  s h e e t  may be s o  much more 
n e g l l g i b l e  as , a p a r t  from t h a t ,  a n o t h e r  r o l l i n g - u p  p r o c e s s  

. o f  t h e  v o r t e x  s h e e t  ( r e f e r e n c e  l), no t  e x a c t l y  known i n  
i t s  i n d i v i d u a l  p h a s e s ,  s h i f t s  the p i c t u r e  c o n s i d e r a b l y ,  
f o r  t h e  v o f t e x  shast i s  u n s t a b l e .  It rolls up i n t o  two 
d i s t i n c t  t i p  v o r t i c e s  a l m o s t  d i r e c t l y  behind  the  wing ( r e f -  
e r e n c e  2 )  and s o  c r e a t e s  a v o r t e x  d i s t r i b u t l o n  as shown i n  
f i g u r e  I, P i t h  p r e d e t e r m i n e d  l i f t  d i s t r i b u t i o n  r" = f ( x )  
o v e r  t h e  span  b ,  t h e  d i s t a n c e  b '  o f  t h e  e x p r e s s e d  t i p  
v o r t i c e s  c a n  be r e a d i l y  computed ( r e f e r e n c e s  2 ,  3 ,  4) by 
means o f  t h e  momentum theorem f o r  the  s t e a d y  f l o w .  I t  af- 
f o r d s  t h e  r e l a t i o n :  

+b/2 

Fm -b/2 
j r ax l. bl  = --- 

( r m  = c i r c u l a t i o n  i n  wing c e n t e r ) ,  

The sum o f  t h e  c i r c u l a t i o n s  o f  t h e  f r e e  v o r t i c e s  02 a 
semiwing equals ,  a c c o r d i n g  t o  (1) , t he  c i r c u l a t i o n  a t  wing 
c e n t e r .  No c i r c u l a t i o n  be ing  l o s t  ( r e f e r e n c e  5) d u r i n g  t h e  
r o l l i n g - u p  p r o c e s s  o f  t h e  v o r t e x  s h e e t ,  t h e  c i r c u l a t i o n  o f  
t h e  deve loped  i n d i v i d u a l  t i p  v o r t i c e s  l i k e w i s e  e q u a l s  r,. 
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Bow nhcn i t  i s  assumed t h a t  t h o s e  deve loped  s e p a r a t e  
t i p  v o r t i c e s  s t a r t  d i r e c t l y  on t h e  e f f e c t i v e  l i n e ,  substi-  
t u t i n g  f o r  t h e  wing, r a t h e r  t h a n  a t  some d i s t a n c e  beh ind  
t h e  n i n g  a f t e r  t h e  r o l l i n g - u p  p r o c e s s  o f  t h e  v o r t e x  s h e e t  
i s  comple ted ,  t h e n  t h e  s o - c a l l e d  "bound1! v o r t i c e s  must 
l i k e w i s e  be r e p l a c e d  by one s i n g l e  v o r t e x  o f  s t r e n g t h  rm, 
I n  t h i s  manner we a r r i v e  a t  t h e  i n i t i a l l y  c i t e d  r ep lace -  
meiit o f  t h e  t h e o r e t i c a l  v o r t e x  sys tem by one s i n g l e  ho r se -  
shoe o r  t r a i l i n g  v o r t e x .  

The c a l c u l a t i o n  of t h e  downwash i t s e l f  i s  then  f a i r l y  
s imple  and  y i e l d s ,  as s h a l l  be shown, v a l u e s  which a r e  
f a i r l y  i n  a c c o r d  w i t h  t h e  e x p e r i m e n t a l  f i g u r e s .  The v a l -  
u e s  a r e  lower  t h a n  t h o s e  o b t a i n e d  w i t h  n o n r o l l e d  v o r t e x  
s h e e t .  The f i g u r e s  f o r  t h e  l a t t e r  r e p r e s e n t  a n  upper  l i m -  
i t .  A l o n e r  l i m i t  i s  o b t a i n e d  by assuming t h e  c i r c u l a t i o n  
t o  be u n i f o r m l y  d i s t r i b u t e d  o v e r  t h e  t o t s 1  span  ( r e f e r e n c e s  
3 and 6 ) ,  The v o r t e x  s t r e n g t h  i s  t h e n  r ,  

I n  t h e  p a r t i c u l a r  c a s e  of a s imple  t r a i l i n g  v o r t e x  
w i t h  c i r c u l a t i o n  and  t h e  f r e e  v o r t e x  s p a c i n g  a ,  t h e  
a p p l i c a t i o n  of t h e  B io t -Sava r t  theorem g i v e s  f o r  a p o i n t  
o n  t h e  l i n e  o f  syrilmetry o f  t h e  v o r t e x  a r r angemen t ,  t h e  f o l -  
l o w i n g  t e r m  f o r  t h e  i n f e r e n c e  v e l o c i t y  I at r i g h t  a n g l e s  
t o  t h e  p l a n e  i n  which t h e  v o r t i c e s  l i e :  

( 1  = d i s t a n c e  o f  p o i n t  i n  f l o w  d i r e c t i o n  from t h e  bound 
v o r t e x . )  

P u t t i n g  a = b ( " lower  l i m i t " )  and t h e  a n g l e  of down- 
mash a t  

where v = u n d i s t u r b e d  v e l o c i t y ,  we have: 

w i t h  
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where in  3' = wing a r e a  and  

ai  = induced a n g l e . o f  a t t a c k  f o r  e l l i p t i c a l  l i f t  
d i s t r i b u t i o n ,  i t  i s  

which ,  e v a l u a t e d ,  g i v e s :  

1 2 2 1 
3 3 

- €1 = .- 

% =  2 , 0 8  1.4 1 - 2 1  1.06 
a i  

I t  i s  seen t h a t  a t  g r e a t  d i s t a n c e  behind  t h e  wing t h e  
l o n e r - l i m i t  v a l u e  o f  t h e  a n g l e  of donnwash approaches  as- 
y m p t o t i c a l l y  t h e  v a l u e  of t h e  a n g l e  of  downwash a t  t h e  
p o i n t  of a wing w i t h  e l l i p t i c a l  l i f t  d i s t r i b u t i o n .  

F o r  a wing w i t h  e l l i p t i c a l  l i f t  d i s t r i b u t i o n  and non- 
r o l l e d  v o r t e x  s h e e t  ( " u p p e r  l f m i t " ) ,  t h e  downwash f a c t o r s  
o f  t h e  l i n e  o f  symmetry a f f o r d  a n  i n t e g r a l  t e r m  ( r e f e r -  
ences  3 and  6) which,  e v a l u a t e d  i n  t a b u l a t e d  f o r m ,  i s :  

= 3.23 2.43 2.22 2.06 
a i  

I t  i s  s e e n  t h a t  t h e  u p p e r - l i m i t  v a l u e  of t h e  a n g l e  o f  
downwash a.pproaches,  a t  g r e a t  d i s t a n c e  behind  t h e  n i n g  , 
t h e  doub le  amount o f  t h e  v a l u e  a t  t h e  p o i n t  o f  t h e  wing 
a s y ~ p  t o t  i c a l l y .  With 

i- 

f o r  t h e  win w i t h  e x p r e s s e d  s i n g l e - t i p  v o r t i c e s  of s p a c i n g  
b f .  
d i f f e r e n t  k v a l u e s  v e r s u s  c Z ,  a c c o r d i n g  t o  ( 3 ' ) .  

The a,$ai v a l u e s  are shown p l o t t e d  i n  f i g u r e  2 f o r  



3.A.C.A. T e c h n i c a l  Memorandum Bo.. 787 5 

T h i s  mere ly  l e a v e s  t h e  d e t e r m i n a t i o n  o f  t h e  p a r t i e u -  
l a r  k f o r  a g i v e n  wing, 

F o r  a wing with e l l i p t i c a l  l i f t  d i s t k - i b h t i o n  

i n  c o n j u n c t i o n  w i t h  ( 2 )  g i v e s !  

F o r  wings w i t h  r e c t a n g u l a r  l i f t  d i s t r i b u t i o n  and con- 
s t a n t  p r o f i l e  and a n g l e  of a t t a c k ,  t h e  k v a l u e  i s  depend- 
en t  on t h e  a s p e c t  r a t i o  A. = b / t  d i v i d e d  by t h e  l i g h t  gra-  
d i e n t  

because  t h e  l i f t  d i s t r i b u t i o n  i t s e l f  i s  dependent  on k.  

B e t z ,  i n  h i s  t h e s i s  " C o n t r i b u t i o n  t o  A i r f o i l  Theory 
mitl i  S p e c i a l  Re fe rence  t o  t h e  Simple R e c t a n g u l a r  Wing" 
( r e f e r e n c e  7), g i v e s  k i n  te rms  of L: 

( d  c,/da = l i f t  g r a d i e n t  o f  wing of f i n i t e  a s p e c t  r a t i o ;  
d c,/da, = l i f t  g r a d i e n t  f o r  i n f i n i t e  a s p e c t  r a t i o . )  

T u t t i n g  

t h a t  i s ,  e q u a l  t o  t h e  t h e o r e t i c a l  l i f t  g r a d i e n t  f o r  f l a t  
p l a t e s  o f  i n f i n j t e  l e n g t h ,  t h e  p e r t i n e n t  a s p e c t  r a t i o  i s :  

G l a u e r t  ( r e f e r e n c e  6)  and  Iielmbold { r e f e r e n c e  3) ex t r apo-  
l a t e d  B e t z ' s  k v a l u e  i n  f u n c t i o n  o f  L, a c c o r d i n g  t o  
( 6 )  f o r  d i f f e r e n t  A,. Th i s  approach  may, however ,  be f o r e -  
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gone ,  because  S e t z  g i v e s  L f o r  r e c t a n g u l a r  l i f t  d i s t r i -  
b 1 b u t i o n  also i n  f u n c t i o n  of - --- 

show k i n  f i g u r e  3 i n  f u n c t i o n  o f  L ,  (whereby --- 
dcl, 

Accord ing ly ,  we t dcafiG' 
''a = 

1 ~ T T ! )  a n d  3 --- - 
t dcajrda' 

I f .  EXPERIMENT 

1. Exper imen ta l  P r o c e d u r e  

The a n g l e  of downwash w a s  measured w i t h  a s o - c a l l e d  
I t  two-f i n g e r "  downwash r e c o r d e r  ( reOference 8) , w i t h  a n  in- 
s t r u m e n t a l  a c c u r a c y  of a round k0.1 . Tmo superimposed 
p i t o t  tubes  se t  a t  a b o u t  90° t o  each o t h e r  were connec ted  
t h r o u g h  a n  i n c l i n e d  t u b e  manometer. The t u b e  assembly mas 
t u r n e d  u n t i l  t h e  manometer i n d i c a t e d  ze ro  p r e s s u r e  d i f f e r -  
ence ;  t h u s  t h e  a n g l e  o f  downwash c o u l d  be r e a d  d i r e c t  on a 
s c a l e .  O f  coizrse ,  i t  w a s  f i r s t  n e c e s s a r y  t o  e s t a b l i s h  t h e  
s u m  of t h e  s e t t i n g  a n g l e s  between t h e  aerodynamic zero  d i -  
r e c t i o n  o f  t he  t u b e  assembly  and t h e  p o i n t e r  as w e l l  as 
t h e  s c a l e  ze ro  t h r o u g h  a s p e c i a l  t e s t  ( r e f e r e n c e  9) .  The 
i n s t r u m e n t  w a s  mounted o n  a s l i d i n g  s u p p o r t  i n  t h e  wind 
shadow, n h i c h  p e r m i t t e d  p o i n t i n g  at  any  p l a c e  behind t h e  
n i n g .  
n e l  of t h e  AVA a t  Go t t ingen .  The a i r  speed  178s v = 30 
m / s  ( 9 8 , 4  f t . / s e c . ) .  A l t o g e t h e r  w e  measured t h r e e  wings: 

The t e s t  was,,made i n  t h e  2.25 m (7.38 f t . )  mind tun-  

1, Rectangular-  a i r f o i l  No. 387 ,  
t = 20 cm (7 . fV  i n . ) ,  X = 5 

2 ,  R e c t a n g u l a r ,  a i r f o i l  Bo. 422, 
t = 20 cm (7.8'7 i n . ) ,  h. = 5 

3. E l l i p t i c a l ,  a i r f o i l  No. 387 ,  
tmax = 25.55 cm (10 i n . ) ,  = 5,  
same a r e a  a s  r e c t a n g u l a r  wings.  

We r e c o r d e d  t h e  a n g l e  o f  downwash beh ind  t h e  wing on 
more o r  l e s s  numerous a x e s  ( l o n g i t u d i n a l ,  l a t e r a l ,  and 
n o r m a l ) ,  a t  d i f f e r e n t  a n g l e s  of a t t a c k  a n d ,  i n  a d d i t i o n ,  
t h e  p o s i t i o n  of t h e  t i p  v o r t e x  c o r e s  f o r  p r o f i l e  N o ,  1. 
We a l s o  measured t h e  wing p o l a r s  f o r  t h e  e l l i p t i c a l  p ro-  
f i l e  w i t h  a n d  w i t h o u t  t u r b u l e n c e  g r i d .  The downwash rneas- 
urernent s , hav ing  been made i n  s t a g e s  . e x t e n d i n g  ove r  a g r e a t  
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p e r i o d  of t i m e ,  were ,  upon c o m p l e t i o n ,  f o l l o w e d  by a check 
t e s t  on t h e  synmetry l o n g i t u d i n a l  ax i s  a t  h e i g h t  of t h e  
c.p. of t h e  wing w i t h  i n c r e a s i n g  a n g l e  of a t t a c k ,  which 
a f f o r d e d  a qu ick  c r o s s  s e c t i o n  o f  the  p r e v i o u s l y  made 
measurements.  The agreement  w i t h  t h e  p r e v i o u s  measure- 
ment s w a s  s a t  i s f a c t  o ry. 

2 .  E v a l u a t i o n  

As ide  from t h e  p r e v i o u s l y  mentioned c o n s t a n t  co r rec -  
t i o n  i n v o l v e d  w i t h  t h e  use of t h e  downwash r e c o r d e r ,  an- 
o t h e r  c o r r e c t i o n  had t o  be e f f e c t e d  on t h e  r e a d  a n g l e  of  
downwash a h i c h  w a s  bound up m i t h  t h e  f i n i t e  l i m i t a t i o n  of  
t h e  e x p e r i m e n t a l  j e t  d iameter .  

The j e t  d i ame te r  be ing  f i n i t e ,  t h e  wing causes  - as  
i s  known - a d e f l e c t i o n  o f  t h e  t o t a l  a i r  s t r e a m ,  which a t  
t h e  p o i n t  of t h e  wing i s  h a l f  as  much as i t  i s  f a r  beh ind  
t h e  wing. The amount o f  d e f l e c t i o n  a t  t h e  p o i n t  o f  t h e  
v i n g  and a t  p o i n t s  fa r  behind  t h e  wing can be computed 
when assuming r e f l e c t e d  f r e e  v o r t i c e s  t o  b o t h  s i d e s  of t h e  
j e t .  T h i s  does  n o t  r e q u i r e  t h e  s u b s t i t u t i o n  of t h e  vor-  
t e x  s h e e t  f o r  t h e  wing,  Fhen t h e  wing span i s  l e s s  t h a n  
t h r e e - f o u r t h s  of t h e  j e t  d i a m e t e r ,  i t  s u f f i c e s  t o  p r o c e e d  
from c o n s t a n t  spanwise  l i f t  d i s t r i b u t i o n  ( r e f e r e n c e  6) .  

I n  t h i s  c a s e  t h e  B io t -Sava r t  theorem a p p l i e d  t o  t h e  
r e f l e c t e d  v o r t e x  g i v e s  t h e  a 2 g l e  o f  downwash c o r r e c t i o n  
a t  t h e  p o i n t  o f  ming c e n t e r  a t :  

(F = wing a r e a ,  F~ = j e t  s e c t i o n ) .  C o n t r a r i w i s e ,  proceed-  
i n g  from e l l i p t i c a l  l i f t  d i s t r i b u t i o n ,  w e  o b t a i n ,  f o r , , i n -  
s t a n c e ,  f o r  t h e  c o n d i t i o n s  i n  t h e  2.25 m (7.38 f t , )  Go t t in -  
gen  a i n d  t u n n e l  ( F  = 0.2 m2 (2.15 s q . f t . ) ,  b = 1.0 rn 
(3.28 f t . )  j e t  d i a m e t e r  R = 1.125 m (3.69 f t , ) ,  t h e  v a l u e  

that  i s ,  no t  q u i t e  1 - p e r c e n t  d i f f e r e n c e .  

The t e r m  f o r  t h e  a n g l e  of downmash c o r r e c t i o n  on t h e  
___I__________._____ 

I t  
* I .  L i e f e r u n g  d.  E r g e b n i s s e  d. AVA z u  Go t t ingen .  
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i s  - .  t j e t  a x i s  a s  f u n c t i o n  o f  t h e  s p a c i n g  f a c t o r  

o b t a i n e d  i n  t h e  same way for r e c t a n g u l a r  d i s t r i b u t i o n  .over 
t h e  t o t a l  span  a t  approximate ly :  

€1 - c7s 

An e x a c t  t h e o r y  i s  lacking up t o  t h e  R *  where m = ~ 7 5 .  
p r e s e n t .  R e f e r r e d  t o  t h e  induced a n g l e  o f  a t t a c k  cdi f o r  
e l l i p t i c a l  l i f t  d i s t r i b u t i o n ,  we have.  

L a s t l y ,  p r o c e e d i n g  from a c o n s t a n t  l i f t  d i s t r i b u t i o n  o v e r  
span  b' = k b r a t h e r  t h a n  o v e r  t h e  t o t a l  s p a n ,  a f f o r d s  

The d i f f e r e n c e  between ( 8 )  and  ( 9 )  be ing  s o  i n s i g n i f -  
i c a n t ,  we s imply  used  (7) and ( 8 )  f o r  a n g l e  o f  downwash 
c o r r e c t  i o n s ,  

3, l e s t  Resul ' t s  

a )  R e c t a n g u l a r  wing,~~yfoi1-~~~.__3_8_7_.- The r e s u l t s  of  
t h e  aerodynamic f o r c e  measursments  a r e  shown i n  f i g u r e s  4 
and  5 ,  t h e  l a t t e r  a l s o  i n c l u d i n g  t h o  v a l u e s  o f  dca/dCX i n  
r a d i a n s .  , _  

T h e  a n  l e  o f  downmash w a s  r e c o r d e d  a t  cd = - 3.1°, 
-0 .2 ' ,  J114.2 , +8.6 ' ,  .+12.5°, . 'and +14.0° on more o r  l e s s  
numerous l o n g i t u d i n a l ,  l a t e r a l ,  and  normal axes. F i g u r e s  
6 t o  8 a r e  examples o f  r e c o r d s  taken a t  a = 8.6' and 
c = 1.065. The d i s t r i b u t i o n  o f  t h e  downmash f a c t o r s  
CL:/CXi on t h e  i n d i v i d u a l  a x e s  b e i n g  s imi l a r  a t  a l l  a, i t  

*Tiiss I .  L o t z  h a s ,  i n  t h e  i n t e r i m ,  e s t a b l i s h e d  a n  a c c u r a t e  
t h e o r y  f o r  t h i s .  On t h e  o t h e r  hand ,  t h e  e x p e r i m e n t a l  f i g -  
u r e s  g i v e n  i n  t h e  $ r e s e n €  report v a r y  w i t h i n  n e g l i g i b l y  nar- 
r o w  l i m i t s ,  when t h e  e x a c t  t h e o r e t i c a l  c o r r e c t  Pon f a c t o r s  
a r e  a p p l i e d .  

6 

-----__l-___l___T_________ __-_--__-_-. ~ .-_.__l_l___-__ -.--- 
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seemed u n n e c e s s a r y  t o  pub1,ish a l l  t h e  t e s t  r e s u l t s  a s i d e  
f r o m  a = 8.6 ' ,  excep t  t h e  v a l u e s  of t h e  l o n g i t u d i n a l  a x e s  
th rough  t h e  o r i g i n  o f  t h e  chosen system o f  c o o r d i n a t e s  
( f i g .  9 ) .  These v a l u e s  a r e ,  i n  p a r t ,  d i r e c t  measurements;  
i n  p a r t ,  i n t e r p o l a t i o n s .  

The n o t a t i o n  u s e d  i n  t h e  grap?ns a r e :  

1 i s  t h e  d i s t a n c e  of t e s t s t a t i o n  from bound v o r t e x ,  
downstream, i n  d i r e c t i o n  o f  l o n g i t u d i n a l  a x i s  

q, d i s t a n c e  of  t e s t  s t a t i o n  from p l a n e  of symmetry 
o f  wing i n  l a t e r a l  a x i s  d i r e c t i o n  (+ q = star- 
boa rd  wing) 

h ,  d i s t a n c e  of t e s t  s t a t i o n  i n  d i r e c t i o n  of normal 
a x i s  (f h = s u c t i o n  s i d e ,  - h = p r e s s u r e  side) 

a. -E = downwash f a c t o r  
a i  

The o r i g i n  o f  t h e  c o o r d i n a t e  sys tem l i e s  on t h e  p l a n e  
o f  symmetry o f  t h e  wing i n  t h e  Itbound v o r t e x "  which f o r  
every  a w a s  assumed t o  be l o c a t e d  i n  t h e  C.P. o f  t h e  
wing on t h e  p l a n  f o r m  of t h e  p r o f i l e .  

F i g u r e  6 i l l u s t r a t e s  t h e  e x p e r i m e n t a l l y  d e f i n e d  down- 
wash f a c t o r s  f o r  f o u r  l a t e r a l  a x e s .  

F i g u r e  7 g i v e s  t h e  e x p e r i m e n t a l  v a l u e s  f o r  s i x  normal 
a x e s  i n  a d d i t i o n  t o  one normal a x i s  a t  E T  = 1.0 d i s t a n q e i  
The f o r m u l a . f o r  i t  i s :  

ai 
(10) *' 

when t h e  t h e o r e t i c a l  v o r t e x  sys tem i s  exchanged f o r  a 
t r a i l i n g  v o r t e x  w i t h  a = kb t i p - v o r t e x  spac ing .  The de- 
nominator  v a r y i n g  s o  l i t t l e  f rom l ,  t h e  e v a l u a t i o n  w i t h  
t h e  numera tor  w a s  a d e q u a t e ,  
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F i g u r e  8 ,  i n  a d d i t i o n  t o  t h e  downwash f a c t o r s  f o r  
s i x  superimposed l o n g i t u d i n a l  a x e s ,  a l s o  shows t h e  theo-  
r e t i c a l  c u r v e s  r e l a t i v e  t o  t h e  € 2  a x i s ' t h r o u g h  t h e  o r i -  
g i n  o f  t h e  c o o r d i n a t e s  f o r :  

a )  "Upper l i m i t "  

b) "Lower l i m i t "  

c )  E l l i p t i c a l  l i f t  d i s t r i b u t i o n ,  v o r t e x  s h e e t  
r o l l e d  u p ,  k = 0 .785  

d)  Rec tangu la r  l i f t  d i s t r i b u t i o n ,  v o r t e x  s h e e t  
r o l l e d  u p ,  k d e f i n e d  on t h e  s imple  p remise  

a dc  
of  l i f t  g r a d i e n t  --a_ = Zn ( k  = 0.865 f o r  h = 5) d a ,  

F i g u r e  9 d e p i c t s r  o t h e r  t h a n  t h e  a l r e a d y  c i t e d  t h e o r e t -  
i c a l  c u r v e s  f o r  t h e  i o n g i t u d i n a l  a x i s ,  f o u r  o t h e r  t h e o r e t -  
i c a l  c u r v e s  ( d a s h e s )  computed w i t h  'ir: v a l u e s  f o r  r e c t a n -  
g u l a r  l i f t  d i s t r i b u t i o n ,  a c c o r d i n g  t o  Betz .  

The s t r i k i n g  f a c t  of t h e  domnwash c u r v e s  r eco rded  on 
t h e  l a t e r a l  a x e s  ( f i g .  6) i s  t h e i r  p e c u l i a r  wave l ike  as- 
p e c t ,  which seems t o  be s o  much more pronounced as  t h e  an- 
g l e  of a t t a c k  i s  smaller ,  The waves l i e  i n  f l o v  d i r e c t i o n ,  
s o  t h a t  c u r v e s  r e c o r d e d  on l o n g i t u d i n a l  a x e s  do not  exhib-  
i t  t h i s  wavy e f f e c t ,  a n d  c u r v e s  of s u c c e s s i v e  l a t e r a l  a x e s  
a r e  i n  p a r a l l e l  d i r e c t i o n .  The phenomenon may t i e  i n  w i t h  
t h e  f a c t  t h a t  t h e  p r e d e t e r m i n e d  f r e e  j e t  o f  the  2.25-meter 
wind t u n n e l  m a n i f e s t s  a p p r e c i a b l e  changes i n  flow d i r e c -  
t i o n  ove r  t h e  c r o s s  s e c t i o n ,  

Leav ing  a s i d e  t h e  waviness  o f  t h e  c u r v e s ,  t h e i r  gene  
era-1 shape may be sunned up as follows: U p  t o  about  
C~ = *Q.6, 
i m a t e l y  0.2 a i ,  t h a t  i s ,  about  1' at t h e  h i g h e s t ,  i s  
n o t i c e a b l e ,  i n  c o n t r a s t  t o  t h e  p r a c t i c a l l y  c o n s t a n t  a n g l e  
o f  downwash w i t h i n  r a n g e  o f  t h e  span  o f  t h e  c o n t r o l  sur-  
f a c e s  of a n  a i r p l a n e ,  i .e . ,  w i t h i n  range  of C = -4.0.25; 
whence i t  was no t  deemed n e c e s s a r y  t o  p l o t  a t h e o r e t i c a l  
c u r v e  i n  t h e  graph.  Above cq = * 0 . 6 ,  t h e  a n g l e  of 
downmash d e c r e a s e s  when t h e  l a t e r a l  a x i s  i s  above o r  be- 
l o w  t h e  iving; i t  r i s e s  when t h e  l a t e r a l  a x i s  i n t e r s e c t s  
t h e  t i p  v o r t i c e s .  

a s l i g h t  r i s e  i n  a n g l e  o f  domnwash o f  approx- 

4 
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According  t o  a l l  r e c o r d e d  normal a x i s  d i ag rams ,  t h e  
normal a x i s  cu rves  ( f i g .  7 )  m a n i f e s t  that the  
s i d e  r e c o r d s  a r e  a l i t t l e  h i g h e r  t h a n  t h e  t h e  
u e s  , a l t h o u g h  t h e  shape  o f  t h e  e x p e r i m e n t a l l y  
c u r v e s  i s  about  t h e  same as t h a t '  o f  t h e  t h e o r e  
C o n t r a r i w i s e ,  t h e  s u c t i o n  s i d e  r e v e a l s ,  w i t h  i n c r e a s i n g  
Eh, a more s e v e r e  d rop  o f  t h e  e x p e r i m e n t a l  v a l u e s  t h a n  
t h e  t h e o r e t i c a l  c u r v e  i n d i c a t e s , .  This  may p e r h a p s  be ex- 
p l a i n e d  by t h e  wake f l o w ,  which edges  i t s e l f  wedgel ike  be- 
tween t h e  a i r  sweeping a l o n g  above  and bclocv t h e  wing and 
c o n s i s t i n g  c h i o f l y  o f  slowed-up. a i r  p a r t i c l e s  smoeping 
a l o n g  sbove  t h e  wing. 

0 The d iagram o f  t h e  downwash c u r v e s  f o r  a = 8.6 ( f i g .  
8 )  , r e c o r d e d  on t h e  l o n g i t u d i n a l  a x e s ,  r e v e a l s  t h e  f o l l o r v -  
i n g :  The t w o  c u r v e s  r eco rded  f o r  E~ = - 0.07G2 and Eh - 
-I- 0.0298 , a r e  a p p r o x i m a t e l y  c o i n c i d e n t  and  c o n s e q u e n t l y  
a l s o  w i t h  t h e  cu rve  f o r  'h = 0.0.  These c u r v e s  l i e  i n  
t h e  approx ima te  c e n t e r  o f  t h e  " t h e o r e t i c a l "  c u r v e s  f o r  
k = 0.785 ( e l l i p t i c a l  l i f t  d i s t r i b u t i o n ;  v o r t e x  shee t  
r o l l e d  up) and 2; = 0.865 ( r e c t a n g u l a r  d i s t r i b u t i o n ,  v o r -  
t e x  s h e e t  r o l l e d  u p ) ,  whence t h e y  were  amenable t o  p rede-  
t e r m i n a t i o n  by i n t r o d u c i n g  k = 0.825. The p e r c e n t  d i s c r e p -  
a n c y  o f  t h e  e x p e r i m e n t a l  from t h e  t h e o r e t i c a l  v a l u e s  com- 
p u t e d  w i t h  k = 0,865,  i s  a p p r o x i m a t e l y  10 p e r c e n t .  

- 

The s t e e p n e s s  of  t h e  expe r imen ta l .  curve  i n  model 
p r o x i m i t y  o v e r  t h a t  a r r i v e d  a t  w i t h  a n  assumed t r a i l i n g  
v o r t e x ,  i s  p r i m a r i l y  a t t r i b u t a b l e  t o  t h e  s t i l l  u n f i n i a h e d  
r o l l i n g  p r o c e s s  o f  t h e  v o r t e x  s h e e t  i n  model p rox imi ty .  
The v a l u e s ,  a s  a r e s u l t ,  app roach  t h e  ".upper l i m i t . "  A 
fu.rth.er r e a s o n  may l i e  i n  t h e  f i n i t e  wing chord  s i n c e ,  a s  
vi11 be remembered, t h e  wing w a s  exchanged f o r  a n  e f f e c -  
t i v e  l i n e  i n  t h e  f o r m u l a t i o n  o f  t h e  e q u a t i o n s ,  

The downwash f a c t o r s  ove r  t n e  l o n g i t u d i n a l  a x e s  f o r  
E h  = 0.0 w i t h  i n c r e a s i n g  -a ( f i g .  9),  r e v e a l  a c e r t a i n  
r e g u l a r i t y  i n  cp rve  p o s i t i o n .  The cu rves  f o r  s m a l l  a, 
f o r  which n = --- = c o n s t a n t ,  t h a t  i s ,  up t o  about  ca - 

0 .9 ,  a r e  a l m o s t  c o i n c i d e n t .  These c u r v e s  a r e  h i g h e s t ,  
and a p p r o a c h  t h e  t h e o r e t i c s 1  c u r v e  € o r  k = 0.785 a t  
E l  = 0.5,  and drop a t '  €1 = . 2 . 0  between t h o s e  f o r  >z = 
0,785 ar-d 0 . 8 6 5 ,  i n  c o n t r a s t  t o  t h a t  f o r  a = 14O, which 
a l r e a d y  i n t e r s e c t s  t h e  t h e o r e t i c a l  cu rve  a t  k = 0.865. 
Us ing  t h e  t h e o r e t i c a l  cu rves  f o r  k v a l u e s  p l o t t e d  i n  

dca - 
d a  
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t h e  g r a p h ,  a c c o r d i n g  t o  B e t z ' s  n o r e  e x a c t  n e t h o d  f o r  com- 
p a r i s o n ,  t h e  t h e o r e t i c a l  cu rves  themse lves  d r o p  lower as  
a i n c r e a s e s .  .Thus,. t h e  h a v i o r  o f  t h e  cv rve  p o s i t i o n  
i s  a s  e s t a b l i s G e d  by t h e  eorg.  Even s o ,  t he  n o t i c e a b l e  
f a c t  remains  t h a t  t h e  d i s c r e p a n c y  of t h e  e x p e r i m e n t a l  
curves f r o m  t h e  dashed  t h e o r e t i c a l ,  c u r v e s  i s  s o  much g r e a t -  
e r . t h a n  from f u l l - d r a w n  t h e o r e t i c a l  curves .  As k t h e n  
i s  p r o p o r t i o n a l  t o  t ' s p a c i n g  o f ' t h e  t i p  v o r t i c e s ,  i t  
mou ld  be i n d i c a t i v e  v o r i e x  s p a c i n g  s m a l l e r  t h a n  

, t h e  t h e o s y  p r e d i c t s . .  

Yet t h e  messurements  of t h i s  s p a c i n g  o n - . t h e  e l l i p t i -  
c a l  wing a c t u a l l y  p r o v e  i t  t o  be g r e a t e r  r a t h e r  t h a n  s m a l l -  
e r  - a f a c t  which s t r e s s e ' s  t h e  need  f o r  f u r t h e r  i n v e s t i g w  
t i o n s  b e f o r e  t h e  t h e o r e t i c a l  and  t h e  e x p e r i m e n t a l  downwash 
f o r m u l a s  can  be r e c o n c i l e d ,  

b) R e c t a n w l a r  ~yj.., airfo51.-N.* 422.- s i g u r e  10 i,s 
t h e  p o l a r  d iagram of a i r f o i l  No. 422,  t a k e n  f rom E r g e b n i s s e  
d e r  Ae'rodynamischen V e r s u c h s a n s t a l t  zu ' G o t t i n g e n ,  volume I .  

The ang1"e o f  downwash w a s  measured o n  s e v e r a l  a x e s  
0 ( o n  t w o  s t a t i o n s )  f o r  a = 4.2' a ~ d  a = 8 , l  The re- 

s u l t s  were i d e n t i c a l  w i t %  t h o s e  f o r  t h e  r e c t a n g u l a r  wing 
No. 387. z 

. R comparison o f  t h e  downwash f a , c t o r s  of p r o f i l e  N o .  
422 n i t h  t h o s e  of ;To. 3 8 7 ,  on t h e  b a s i s  of t h e  l o n g i t u d i -  
n a l - a x i s  c u r v e s  i n  p l a n e  of syrilmetry of  t h e  wing a t  c h  - 
0 .O, r e v e a l s  t h e  fo l lowing :  The l o n g i t u d i n a l - a x i s  c u r v e s  
r e c o r d e d  a t  d i f f e r  i n  model p r o x i m i t y  
a t  m o s t ,  o n l y  about  0,3', s o  t h a t  b o t h  a n g l e s  o f  a t t a c k  
may'be e x p r e s s e d  by a mean cu rve  which,  i f  p l o t t e d  i n  f i g -  
u r e  9 ,  would b r i n g  i t  a p p r o x i m a t e l y  between c u r v e s  (1) and 
( 2 )  up t o  €7 ,  = 1,5 and €hen ,  a s  c Z  i n c r e a s e s ,  c l o s e r  
t o  cu rve  (1). 's ince t h e  me n v a l u e  of n = --- = 3.45, 
c o r r e s p o n d i n g  t o  cu rve  ( 2 ) ,  t h e  downmas'n f a c t o r s  of a i r -  
f o i l s  Wos. 387 and 422 may be said t o  a g r e e  v e r y  w e l l  f o r  
p r a c t i c a l  r e q u i r e m e n t s .  T h i s  s t a t e m e n t  shou ld  undoub ted ly  
h o l d  f o r  a l l  s i m i l a r  p r o f i l e s .  

rr, = 4.2' a n d  8,1° 

da 

c)  E l l i p t i c a l '  ? v _ i ~ ~ - , _ _ a _ i r f o i Z - ~ o - .  38'7.- The aerodynamic 

The downwash measurements a g a i n  c o n s i s t  o f  a f i r s t  

f o r c e  measurements a r c  shown i n  f i g u r e s  11 and 12', 

a n d  a check  t e s t  a n d ,  i n  a d d i t i o n ,  of a r e c o r d  on s e v e r a l  
l o n g i t u d i n a l  a x e s  a t  a = 8..6" w i t h  t u r b u l e n c e  g r i d .  . The 
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r e a s o n  f o r  t h e  l a t t e r  t e s t  w a s  that  i n  t h e  t e s t  w i thou t  
t u r b u l e n c e  grid, t h e  downwash c u r v e s  on t h e  l o n g i t u d i n a l  
a x i s  v a r i e d  q u i t e  c o n s i d e r a b l y  f rom t h o s e  o f  t h e  p r e c e d i n g  
r e c t a n g u l a r  wing,  which was i n d i c a t i v e  o f  a l i f t  d i s t r i b u -  
t i o n  no t  i n  a c c o r d  w i t h  t h e  d e s i r e d  e l l i p t i c a l  d i s t r i b u -  
t i o n .  A comparison o f  t h e  e l l i p t i c a l -  ng p o l a r  w i t h o u t  
t u r b u l e n c e  g r i d  w i t h  t h e  rec tangular -m e; p o l a r ,  conf i rmed 
t h i s  s u s p i c i o n :  that  of t h e  e l l i p t i c a l  wing w a s  m o r e  t o  
t h e  r i g h t  i n  t h e  graph .  I t  w a s  presumed that t h i s  occur -  
r e n c e  w a s  r e l a t e d  t o  l o w  Reynolds Xumbers of t h e  o u t e r  
p r o f i l e s  o f  t h e  e l l i p t i c a l  wing ,  and t h a t  a t u r b u l e n c e  
g r i d  rrould modify b o t h  po1a r : and  a n g l e  of downwash. B u t  
i t  .vas  found i n  t h e  f o r c e  measurement kha t  t h e  p o l a r  w i t h  
and  w i t h o u t  t u r b u l e n c e  g r i d  d i f f e r e d  o n l y  as  t o  maximum 
ca v a l u e ;  even s o ,  i t  mod i f i ed  t h e  donnnash f a c t o b s ,  a s  
shown e l s e n h e r e  i n  t h e  r e p o r t .  

The f i r s t  t e s t  ~ 7 a s  nade a t  a = - 0 . 2 ' ,  4.5', 8 . 6 ' ,  
a n d  14', t h e  check t e s t  a t  t h e  same a n g l e s  a n d ,  i n  addi-  
t i o n ,  a t  CC = - 3.2 ' .  The r e s u l t s  a r e  shonn i n  f r g u r e s  
13-17. 

The l a t e r a l  a x i s  measurements r e v e a l e d  n o t h i n g  b a s i c -  
z l l y  new, a c c o r d i n g  t o  f i g u r e  13, 

I n  t h e  normal a x i s  measurements ( f i g .  14), t h e  non- 
compl iance  w i t h  t h e  t h e o r e t i c a l  c u r v e s  i s  much g r e a t e r  
t h a n  f o r  t h e  r e c t a n g u l a r  wing. The o n l y  s i m i l a r i t y  remain- 
i n g  i s  t h a t  h e r e  t h e  d i s c r e p a n c i e s  i n  t h e  f i e l d  o f  f l o w  be- 
l o w  t h e  p r e s s u r e  s i d e  o f  t k e  wing exceed t h o s e  on t h e  suc- 
t i o n  s i d e .  

A s  t o  t h e  l o n g i t u d i n a l  a x i s  measurements t hemse lves  , 
t h e  d i s c u s s i o n  i s  r e s t r i c t e d  t o  t h e  .mean measurement of 
f i g u r e  17, where,  a s  i t  i s  n o t e d ,  t h e  f i r s t  and second 
t e s t s  mere a l m o s t  i n  p e r f e c t  agreement , "  e s p e c i a l l y  a t  
CI = 8 . 6 O  and 14'. 

Figutre 17  m a n i f e s t s  a c e r t a i n  r e l a t i o n s h i p  w i t h  t h e  
r e c t a n g u l a r  wing o f  f i g u r e  9 ,  excep t  f o r  t n e  fo l lowing :  

*Both a n g l e s ,  hav ing  t h e  same l i f t  g r a d i e n t s ,  a n g l e s  CC = - 362' and  a = - 0.2', were c o l l e c t e d .  i n  f i g u r e  17. 
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a)  A t  a = -3' t o  +14°, . t h e  i a d i v i d u a l  cu rves  a r e  
f a r t h e r  a p a r t ;  t h a t  i s ,  t h e  ene losed  a n g l e  o f  
downwasb. r ange  i s  g r e a t e r .  

b) The c u r v e s  a r e  h f g h e r  i n  t h e  g raph .  F o r  b o t h  t h e  
r e c t a n g u l a r  and  t h e  e l l i p t i c a l  w ing ,  t h e  c u r v e  
f o r  m a x i m u m  a w i t h  a d h e r i n g  flow i n t e r s e c t s  

. t h e  t h e o r e t i c a l  cu rve  ( a t  k = . 0 . 8 6 5  f o r  t h e  
r e c t a n g u l a r  wing; a t  k.= 0.785 f o r  t h e  e l l i p -  
t i c a l  wing) ,  The uppermost curve  f o r  t h e  e l l i p -  
t i c a l  wing i n f e r s e c t s  t h e  c u r v e  f o r  t h e  "uppe r  
l i m i t "  a t  €1 = 1.2, w h i l e  t h a t  o f  t h e  r e c t a n -  
g u l a r  w i n g  f a l l s  s h o r t  o f  t h i s  "uppe r  l i m i t , "  

may, i n  p a r t ,  be a t t r i b u t a b l e  t o  a p r o f i l e  chord  
e f f e c t ,  t h e  chord. a t  wing c e n t e r  be ing  equa l  t o  

'The markedly h i g h  v a l u e s  i n  model p r o x i m i t y  

3/4. 

c )  The- c u r v e s  a r e  s t e e p e r .  

Nent ion  shou ld  be made o f  f i g u r e  15 ,  which i l . l u s t r a t e s  
t h e  e f f e c t  of t h e  t u r b u l e n c e  g r i d ,  arid t h e  p r o b a b l e  e f f e c t  
o f  a h i g h e r  Reynolds  Number at  a = 8.6' .  A t  t h i s  a n g l e ,  
t h e  ca v a l u e  i s  a l i t . t l e  h i g h e r  w i t h  t h a n  wi thou t  t h e  
g r i d .  The n = dc,a/da v a l u e  i s  sma l l e r .  The downwask 
cu rves  a r e ,  a c c o r d i n g l y ,  lower t h a n  f o r  t h e  model w i t h o u t  
t u  r b u l  enc e g r i d .  

111. EXPLORATION OF POSITIOX! OF TIP-VORTEX CORES 

O N  ELLIPTICAL W I X G  

1. Test  P rocedure  

The l o c a t i o n  o f  t h e  bo rde r  o f  t h e  v o r t e x .  a r e a  as  meas- 
u r e d  on t h e  e l l i p t i c a . 1  wing ,  i s  i d e n t i c a l  w i t h  t h e  l o c a t i o n  
o f  t h e  c o r e s  o f  t h e  i n d i v i d u a l  t i p  v o r t i c e s  a t  g r e a t e r  d i s -  
t a n c e  behind  the  wing. The edges  o f  t h e  v o r t e x  a r e a  o r  
v o r t e x  c o r e s  a r e  r e a d i l y  observed  on s t r e a m e r s  which exe- 
c u t e  r a p i d  c o n i c a l  r o t a r y  m o t i o n .  A d m i t t e d l y ,  t h i s  r o t a r y  
mot ion  of t h e  s t r e a m e r s  i s  not c o n f i n e d  t o  a p o i n t ,  b u t .  
r a t h e r  e x t e n d s  ove r  a c i r c u l a r  s e c t i o n  of  abou t  1 t o  3 c m  
(0',3937 t o  1.18 in . )  d i a m e t e r ,  depending  on t h e  amount.04 
a n g l e  of a t t a c k .  The l o c a t i o n  o f  t h e  b o r d e r s  i s  d e f i n e d  
by t h e  c e n t e r  o f  t h e  c i r c l e .  The r e s u l t s  f o r  t h r e e  a n g l e s  
o f  a t t a c k  a re  g i v e n  i n  f i g u r e s  18 and 19. The spac ing  o f  
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t h e  t i p  v o r t i c e s  i n  f i g u r e  18  shows t h e  a s y m p t o t i c  approach  
d f  t h e s e  t i p  v o r t i c e s ,  a c c o r d i n g  t o  t h e  t h e o r e t i c a l l y  pre-  
s c r i b e d  s p a c i n g  b! = kb. The d i s t a n c e  i s  a 
a s  CL i s  h i g h e r ,  a l t h o u g h  t e s  
The c o n c e n t r a t i o n  o f  t h e  sp vo 
s e p a r a t e  t i p  v o r t i c e s ,  t e rm g 
r e p o r t  ( r e f e r e n c e  5), a t  a round € 1  '= 4 where,  of c o u r s e ,  
t h e  t h e o r e t i c a l  s p a c i n g  3 1  = 0.785 b of t h e  v o r t i c e s ,  
h a s  not  a$ y e t  been r e a c h e d ,  a c c o r d i n g  t o  f i g u r e  18. On 
t h e  c o n t r a r y ,  i t  amounts t o  a round  0.85 b i n  t h e  r ange  of  
€7 ,  = 2 t o  4. I n  a c c o r d  w i t h  t h a t ,  t h e  downwash f a c t o r s  
must be l e s s  t h a n  g i v e n  i n  t h e  t h e o r e t . i c a 1  c u r v e s  of t h e  
g r a p h s  showing t h e  downwash f a c t o r s  p l o t t e d  a g a i n s t  €1 ( a t  
Eh = 0 ) .  P l o t t i n g  t h e  t h e o r e t i c a l  cu rve  o f  a,/Cti f o r  
k = 0.85 
lomer t h a n  t h e  dashed cu rve  f o r  k = 0.875,  would r e v e a l ,  
o n  t h e  o t h e r  hand ,  t h a t ' c u r v e .  ( 4 )  f o r  a = 14' i t s e l f  l i e s  
h i g h e r  t h a n  t h e  t h e o r e t i c a l  c u r v e  f o r  k = 0.85. 

i n  f i g u r e  1 7 ,  which l f e s  by about  aw/Cti = 0.25 

Examinat ion  o f  t h e  d i f f e r e n c e  i n  h e i g h t  o f  t h e  t i p  
v o r t i c e s  f r o m  t h e  l o n g i t u d i n a l  a x i s  o f  t h e  chosen  coord i -  
n a t e  system ( f i g .  19), r e v e a l s  t h e  f o l l o w i n g :  The c u r v e s  
of t h e  t i p  v o r t i c e s  s t a r t  e x a c t l y  i n  t h e  p r e s s u r e  l i n e  of 
t h e  wing whicb ,  owing t o  i t s  f l a t  p r e s s u r e  s i d e ,  l i e s  a t  
t h e  wing t i p s  i n  t h e  wing chord .  The c u r v e  i s ,  a t  f i r s t ,  
p a r a b o l i c a l ,  t h e n  d e f l e c t s  a t  €1 = 1 t o  2 ,  and  f i n a l l y  
becomes s t r a i g h t  l i n e s ,  p a r a l l e l  t o  t h e  l o n g t t u d i n a l  a x i s ,  
The d i s t a n c e  o f  t h i s  p a r a l l e l  l i n e  f r o m  t h e  l o n g i t u d i n a l  
a x i s  i s ,  a t  t h e  mos t ,  a p p r o x i m a t e l y  equal  t o  t h e  chord  i n  
wing c e n t e r  - t h a t  i s ,  i n s i g n i f i c a n t ,  s o  that  i n  t h i s  re- 
spect t h e  assumpgions of t r a i l i n g  v o r t e x  i n  f l o w  d i r e c t i o n  
f o r  computing t h e  downwash f a c t o r s ,  a r e  s a t i s f a c t o r i l y  
complied with. 

2. Comparison of Recorded P o s i t i o n  o f  t h e  Tip-Vortex Cores  
w i t L  t h e  Kaden-Betz Theory ( r e f e r e n c e  1) 

I n  h i s  t h e s i s  ltDevelopment o f  a n  U n s t a b l e  Area o f  D i s -  
c o n t i n u i t y , I l  Haden employs t e rms  f o r  t h e  p o s i t i o n  of t h e  
s p i r a l  c e n t e r  o,f a n ' a r e a  of . d i s c o n t i n u i t y  which ,  a s  i s  
knomn, c o j l s  up i,n t h e  form of a s p i r a l .  T h i s  a r e a  o f  d i s -  
c o n t i n u i t y  moving v e r t i c a l l y '  downward a t  c o n s t a n t  v e l o c i t y ,  
i s  t h e r e b y  bounded o n  one s i d e  on ly .  Bu t ,  when assuming 
t h e  r o l l i n g - u p  p r o c e s s  a t  t h e  e d g e s  t o  be t h e  same f o r  a 
s u f f i c i e n t l y  wide v o r t e x  s h e e t ,  t h e  l a t t e r  may be v i s u a l -  
i z e d  as  b e i n g  produced  by a wing w i t h  e l l i p t i c a l  l i f t  a i s -  
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t r i b u t i o n .  The c e n t e r  o f  t h e  h e l i x  w i t h  t h e  t i p - v o r t e x  
c o r e s ,  d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n ,  can  a l s o  be ap- 
p r o x i m a t e l y  i d e n t i f i e d  because  - as Eaden h i m s e l f  showed - 
a t  g r e a t e r  d i s t a n c e  behind  t h e  wing t h e  c i r c u  
the  c e n t e r  o f  t h e  s p i r a l  i s  such  a s  i f  o 
t r a t e d  v o r t e x  e x i s t e d ,  B e s i d e s ,  t h e  p remise  for t h e  s tar t  
of  t h e  r o l l i n g  p r o c e s s  i s  t h a t  t h e  c i r c u l a t i o n  abou t  t h e  
s p i r a l  c e n t e r  i s  t h e  same as  a round  a v o r t e x  f i l a m e n t  - 
when t h e  c i r c l e  a round the  s p i r a l  c e n t e r  f o r  which t h e  
c i r c u l a t i o n  i s  computed, i s  no t  t o o  s m a l l .  Ontkbseprem- 
i s e s ,  t h e  r e s u l t s  o f  t h e  p r e c e d i n g  s e c t i o n  c a n  be compa-rei- 
v i t h  Kaden ' s  t h e o r e t i c a l  f i n d i n g s .  

Then t h e  term for t h e  d i m i n i s h e d  s p a c i n g  o f  t h e  t i p  
v o r t i c e s  r e a d s :  

a n d  t h a t  f o r  t h e  r i s e  o f  t h e  t i p  v o r t i c e s  o v e r  t h e  lowes t  
p d i f i t  o f  t h e  v o r t e x  s h e e t :  

Hereby a = b_-y-.--- b t  and  c = w t i s  t h e  d isp lacement  o f  
2 

t h e  a r e a  o f  d i s c o n t i n u i t y ,  when m = v e r t i c a l  v e l o c i t y  o f  
s a id  a r e a ,  and t = t i m e  i n t e r v a l .  

D i s r e g a r d i n g  t h e  r o l l i n g - u p  p r o c e s s ,  t h e  v e r t i c a l  ve- 
l o c i t y  o f  t h e  a r e a  o f  d i s c o n t i n u i t y  o f  a wing w i t h  e l l i p -  
t i c a l  l i f t .  d i s t r i b u t i o n  i s ,  a t  g r e a t  d i s t a n c e  behind  t h e  
wing ,  e q u a l  t o  t n i c e  t h e  i n t e r f e r e n c e  v e l o c i t y  at  t h e  
p o i n t  o f  t h e  wing: 

This v a l u e  m i l s t  be w r i t t e n  i n  (1) and ( 2 )  because  t h e  pre- 
s c r i b e &  c i r c u l a t i o n  d i s t r i b u t i o n  i n  t h e  v o r t e x  a r e a  i s  
d i r e c t l y  t i e d  t o  t h i s  q u a n t i t y ;  t h a t  i s ,  t h k s v a l u e  i s  a 
measure f o r '  t h e  i n t e n s i t y  o f  t h e  v o r t e x  a r e a .  

I n  o r d e r  t o  be a b l e  t o  compare t h e  t h e o r e t i c a l  c u r v e  
o f  t he  t i p  v o r t i c e s  t o  be computed n i t h  572- of t h e  rise 

t h e s e  v a l u e s ,  a g a i n s t  t h e  e x p e r i m e n t a l  v a l u e s  o f  t h e  p o s i -  
t i o n  of t h e  t i p  v o r t i c e s ,  me e s t a b l i s h  t h e  apex  of t h e  
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v o r t e x  a r e a  i n  t h e  p l a n e  of sjrmnetry o f  t h e  wing ,  as h 
can  be approximated  from t h i s  l o w e s t  p o i n t  '0 
a r e a ,  S t r i c t l y  s p e a k i n g ,  t h i s  h o l d s  t r u e  on 
t h e  r i s e  h i s  v e r y  s m a l l  compared t o  t h e  w 
v o r t e x  s h e e t .  T h i s  p o i n t  can be e s t a b l i s h e d  
t h e  wake v o r t e x  a r e a  w i t h  a t o t a l - h e a d  su rvey  a p p a r a t u s .  
T h e ' p o s i t i o n  of  t-he minimum o f  t h e  t o t a l  head  i s  i d e n t i c a l  
w i t h  t h e  p o i n t  under  c o n s i d e r a t i o n .  . The measurement m a s  
made - f o r  o t h e r  r e a s o n s  - . f o r  tmo s p a c i n g s  beliind t h e  
wing. Another  way mould be t o  d e f i n e  t h e  p o s i t i o n  by 
means of t h e  r e c o r d e d  downmash f ,*ctors  on t h e  l o n g i t u d i n a l  
a x i s  pass ing:  t h rough  t h e  wing t r a i l i r L g  edge ,  t h rough  i n t e -  
g r a t i o n  o f  t h e s e  f a c t o r s  o v e r  € 1 .  V i t h  !?E = z and w = 

i n t e r f e r e n c e  v e l o c i t y  a t  p o i n t  € 1 ,  we have:  
a i  

w = avp v, = 2 a i  

€ 7  

F i g u r e  19  ( c u r v e  1) shows t h e  c C  v a l u e s  f o r  ca - - 
1.07 a s  o b t a i n e d  by g r a p h i c a l  i n t e g r a t i o n  o f  t h e  z va l -  
u e s  f o r  Ell = - C . 0 9  i n  f i g u r e  15. The s t a r t  o f  t h e  in- 
t e g r a t i o n  m a s  a t  € 1  = 0.32,  t h e  f i g u r e  f o r  t h e  t r a i l i n g  
edgc o f  t h e  p r o f i l e .  The c o r r e c t i o n s  f o r  t h e  f i n i t e  j e t  
R i a m e t e r  a f f o r d e d  c u r v e  (2) o f  figure 19.  

I t  i s  seen  t h a t  t h e  cC v a l u e  o f  t3.e wake-flow meas- 
urement i s  i n  ve ry  c l o s e  agreement  w i t h  t h e  thus-computed 
cC v a l u e s .  The minor d i s c r e p a n c y  a t  c 1  r= 2.33 i s  a t t r i b -  
u t a b l e  t o  t h e  f a c t  tha.t  a t  g r e a t e r  d i s t a n c e s  t h e  z v a l -  
u e s  shou ld  r e a l l y  have  been t a k e n  o n  8. l o n g i t u d i n a . 1  a x i s  
w i t h  c h  =-0.4. F o r  t h e  r e s t ,  t h e  c l o s e  a c c o r d  i s  i n d i c a -  
t i v e  of t h e  p r a c t i c a l  u s e f u l n e s s  o f  t h e  ezlployed method o f  
r e c o r d i a g  t h e  a n g l e  o f  downwash. L a s t l y ,  we e x t r a p o l a t e d  
t h e  t h u s - e s t a b l l s h e d  cu rve  i n  t h e  €1 = 0 t o  0.5 range  
t o  t h e  p o i n t  of t h e  e f f e c t i v e  l i n e  i n  t h e  wing chord ,  s o  
a s  t o  m o r e  c l o s e l y  approach  t h e  c o n d i t i o n s  e x i s t i n g  a t  t h e  
wing t i p s  ( c u r v e  3) . 
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Then cu rve  (41, computed a c c o r d i n g  t o  t h e  Kaden- 
Be tz  t h e o r y ,  i s  i n  v e r y  exac t  agreement  w i t h  t h e  measured 
c u r v e  a s  f a r  as  €1 = 2.0 ,  where t h e  c u r v e  t h e n  g r a d u a l l y  
t u r n s  p a r a l l e l  wftli t h e  l o n g i t u d i n a l  a x i s .  P e r h a p s  t h e  
a s sumpt ion  that t h e  r o l l i n g - u p  p r o c e s s  ends i n  t h i s  p o i n t ,  
i s  l e g i t i m a - t e ,  

Kaden c i t e s  a d i f f e r e n t  p o i n t  f o r  t h e  t e r m f n a t i o n ’ o f  
t-he s p i r a l  p r o c e s s .  H e  p r o c e e d s  from t h e  assumpt ion  t h a t  
t h e  speed of r o l l i n g  u p ,  i . e . ,  t h e  r a t e  a t  which t h e  edges  
of t h e  v o r t e x  s h e e t  approach  t h e  wing c e n t e r  - t h a t  i s ,  
t h e  qua iz t i t y  

p r e s e r v e s  its i n i t i a l  v a l u e  u n t i l  t h o  d i s t a n c e  

has been covered .  

Curve (1) i n  f i g u r e  18  i l l u s t r a t e s  t h e  v a l u e s  o f  t h e  
p o s i t i o n  of t h e  t i p  v o r t i c e s  f o r  C a  = 1.07 as  comFuted 
f r o m  = 0.68 

ly i n  wing p r o x i r i i t y  t o  some e x t e n t  w i t h  t h e  expe r imen ta l -  
l y  d e f i n e d  v a l u e s .  A t  c o n s t a n t  r o l l i n g - u s  s p e e d ,  t 3 e  p a t h  
o f  t h e  t i p  v o r t i c e s  w o u l d  be r e p r e s e n t e d  l ~ y  a t a n g e n t  i n  
t h e  o r i g i n  af t h e  t h e o r e t i c a l  cu rve  (1). The i n t e r s e c t i o n  
o f  tl?e t a n g e n t  n i t h  t h e  l i n e  p a r a l l e l  t o  t h e  a x i s  of the  
a b s c i s s a ,  which d e n o t e s  t h e  t h e o r e t i c a l  end p o s i t i o n  of tlie 
t i p  v o r t i c e s ,  nou ld  t h e n  g i v e  t h e  p o i n t . a t  which t h e  r o l l -  
ing-up p r o c e s s  t e r m i n a t e s .  I t  l i e s ,  a c c o r d i n g  t o  Kaden, a t  

. T h i s  t h e o r e t i c a l  curve  a g r e e s  011.- gI2’3 
(b / 372 

4 
, that  i s ,  a t  EJ = 2.65 f o r  ca - - b2 1 

F ca €1 = c . 5 6 8  -- t-- 

1.07, 

The agreoment v i t h  €1 = 2.0 t a k e n  from f i g u r e  1 9 ,  
i s  t h e r e f o r e ,  c l o s e .  

T r a n s l a t i o n  by 5. V n n i e r ,  
h i a t iona l  Advisory  Comi.:ittee 
f o r  A e r o n a u t i c s .  
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Figure 5,- Rectangular wing; do sh Figure 4,- P o l a r  of recttm,&ar 
airfoil No, 387. 1:5 f a c t o r  versus angle a. 

Recfanqulor wing 7.5, hJbNa38;S a-46' 

h f a c t o r s  f o r  
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Figure 12,- Elliptical wing; 
ca versus d . 

Figure 11,- Polar of el l ipt ical  

airfoi l  Xo. 387 
wing 1:5; 

I 

Figure 13.- 
Ell ip t i cal 
wing; down- 
wash factors 
for two 
lateral axes. 

Figure 14.- 
Elliptical 
wing; 
downwash 

for six 
vertical 
axes in 
plane o f  
sgnanetry 
o f  wing,  

f a C t O T 8  
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Figure 15.- 
E l l  ip t ical wing; 
downwash factor 
for  two longitu- 
dinal axes in  
plane o f  
symmetry of 
w i n g ,  measured 
w i t h  and without 
turbulence grid. 

Figure 16.- 
El l ipt ical  wing; 
downwash factors  
for  the l o n g i t u r  
dinal axes 
through the 
or ig in  o f  the 
coordinates f o r  
different a, 
(check test) .  

Figure 17,- E l l ip t ica l  w i n g ;  downwash factors for  

or igin of  the coordinates for different d 
the longitudinal axes through the 

values) e 



Fig$. 18,19 NaA.CeAa Technical Memorandum NO, 787 

Figure 18,- Distance o f  t i p  vorticee, on e l l ip t i ca l  wing.  

Figure 19,- Height o f  t i p  vortices on e l l i p t i c a l  w i n g ,  


